Abstract. In this paper we prove discreteness of the spectrum of the Neumann-Laplacian (the free membrane problem) in a large class of non-convex space domains. The lower estimates of the first non-trivial eigenvalue are obtained in terms of geometric characteristics of Sobolev mappings. The suggested approach is based on Sobolev-Poincaré inequalities that are obtained with the help of a geometric theory of composition operators on Sobolev spaces. These composition operators are induced by generalizations of conformal mappings that is called as mappings of bounded 2-distortion (weak 2-quasiconformal mappings).
Introduction
The classical upper estimate for the first nontrivial Neumann eigenvalue of the Laplace operator
was proved by Szegö [41] for simply connected planar domains via a conformal mappings technique ("the method of conformal normalization") and by Weinberger [48] for domains in R n . In this inequality p n/2 denotes the first positive zero of the function (t 1−n/2 J n/2 (t)) ′ , and Ω * is an n-ball of the same n-volume as Ω with R * as its radius. In particular, if n = 2 we have p 1 = j More detailed upper estimates for planar domains were obtained in [36] and [27] via "the method of conformal normalization". The upper estimates of the Laplace eigenvalues with the help of different techniques were intensively studied in the recent decades, see, for example, [1, 2, 3, 11, 30] .
Situation with lower estimates is more complicated. The classical result by Payne and Weinberger [35] states that in convex domains Ω ⊂ R n , n ≥ 2
where d(Ω) is a diameter of a convex domain Ω. Unfortunately in non-convex domains µ 1 (Ω) can not be estimated in the terms of Euclidean diameters. It can be seen by considering a domain consisting of two identical squares connected by a thin corridor [6] . In [7, 8] lower estimates involved the isoperimetric constant relative to Ω were obtained.
In the works [22, 23] we returned to a conformal mappings techniques and obtained lower estimates of µ 1 (Ω) in the terms of the hyperbolic (conformal) radius of Ω for a large class of general (non necessary convex) domains Ω ⊂ R 2 . For example, this class includes some domains with fractal boundaries which Hausdorff dimension can be any number of the half interval [1, 2) .
Our method is different from "the method of conformal normalization" and based on the variational formulation of spectral problems and on the geometric theory of composition operators on Sobolev spaces, developed in our previous papers [15, 42, 43, 44] . Roughly speaking we "transferred" known estimates (from convex Lipschitz domains) to "general" domains with a help of composition operators induced by conformal mappings.
The variational formulation of the spectral problem for the Laplace operator is usually based on the Dirichlet (energy) integral
and was established in [37] by Lord Rayleigh.
In the present work we suggest lower estimates of the first nontrivial Neumann eigenvalues for a large class of non-convex spaces domains using a natural generalization of conformal mappings that we call weak 2-quasiconformal mappings (topological mappings of bounded 2-distortion) ϕ : Ω → Ω that induce bounded composition operator ϕ * :
(Ω) [15] .
Here Ω is a Lipschitz domain (where discreteness of the spectrum is known) and Ω is its image that can be a much more irregular domain. Our method is based on applications of the geometric theory of composition operators on Sobolev spaces to Sobolev-Poincaré inequalities [14, 16] .
As a motivation for "naturalness" of the class of weak 2-quasiconformal homeomorphisms let us check firstly how the energy integrals are changed under diffeomorphisms ϕ : Ω → Ω. By the chain rule:
If the point-wise dilatation
is bounded a. e. in Ω, then by the classical change of variable in the Lebesgue integral formula we obtain:
Here the value ess sup
is an upper bound of the norm of the composition operator ϕ * on Sobolev spaces L 1 2 defined by the composition rule ϕ * (f ) = f •ϕ. Let us call the quantity
the p-dilatation of ϕ. Sobolev mappings with bounded p-dilatation were called weak p-quasiconformal [15] or mappings of bounded p-distortion [43] . Only these mappings generate (by the composition rule) bounded composition operators on the Sobolev spaces
We are focus here on the case p = 2 for the study of spectral properties of the Laplace operator.
Let us give few essential remarks: 1) In planar domains the equality
is one of the classical definitions of the conformal mappings. In this case
2 Ω , i. e. any conformal mapping induces an isometry of L 1 2 -spaces. Unfortunately, for dimension more then two, isometries of L 1 2 -spaces can be induced by isometries of R n only.
2) In planar domains boundedness of
is one of classical definitions of quasiconformal mappings.
3) The class of space mappings of bounded 2-distortion is more flexible then the class of space quasiconformal homeomorphisms (n-quasiconformal in our notation). For example, there exists a mapping of bounded 2-distortion of the unit ball onto a ridge [15] . 4) In the space R 3 boundedness of K 2 (Ω) can be expressed as a boundedness of the ratio of the differential and co-differential and it permit us to call alternatively homeomorphisms of bounded 2-distortion as co-quasiconformal mappings.
By our opinion the class of mappings of bounded 2-distortion (weak co-quasiconformal mappings) is very natural for study of spectral problems for elliptic operators in space domains. Using these mappings we prove solvability of the spectral problem in space domains with Hölder singularities and we obtain lower estimates of the first non-trivial Neumann eigenvalue for Laplacian in non-convex space domains, in particular, in domains with Hölder singularities.
The proposed "transfer" procedure is based on the commutative diagram:
Here horizontal arrows correspond to composition operators for Sobolev space L 1 2 and Lebesgue spaces L 2 , vertical arrows correspond to Poincaré inequalities. The main results will be discussed in the next section. Let us remark only that the "transfer"' procedure permit us to prove discreteness of the spectrum and give estimates for the first nontrivial Neumann eigenvalues of the Laplace operator in domains with anisotropic Hölder singularities.
The paper is organized as follows: Basic definitions, few main results and some applications of main results are presented in section 2. In section 3 we discuss applications of composition operators to the Sobolev-Poincaré inequalities and apply them to lower estimates of the first nontrivial Neumann eigenvalue for Laplace operator. In section 4 we apply main results to domains with anisotropic Hölder singularities. Section 5 is devoted to an extension of main results to Neumann eigenvalues of p-Laplace operators. In Section 6 we discuss some necessary properties of mappings of bounded p-dilatation.
The eigenvalue problem and main results
Let Ω ⊂ R n be a bounded Lipschitz domain (an open connected set). The Neumann eigenvalue problem for the Laplace operator is:
The weak statement of this spectral problem is as follows: a function u solves the previous problem iff u ∈ W 1 2 (Ω) and
This statement is correct in any bounded domain Ω ⊂ R n . Recall that the Sobolev space W 1 p (Ω), 1 ≤ p < ∞, is defined as a Banach space of locally integrable weakly differentiable functions f : Ω → R equipped with the following norm:
The homogeneous Sobolev space L 1 p (Ω), 1 ≤ p < ∞, is defined as a seminormed space of locally integrable weakly differentiable functions f : Ω → R equipped with the following seminorm:
Remark 2.1. We suppose that any function u from the spaces W 1 p or L 1 p is defined p-quasi-everywhere by its Lebesgue value (so-called refined or p-quasi-continuous functions) i.e. is defined everywhere outside of a set of p-capacity zero. For example, it means that for p > n any function u ∈ L 1 p is continuous. This result appeared first in [33] .
By the Min-Max Principle (see, for example, [10] ) the first nontrivial Neumann eigenvalue for the Laplacian can be characterized as
2 is the best constant B 2,2 (Ω) in the following Poincaré inequality
The calculation of µ 1 (Ω) is possible in very limited cases. Hence, the problem of estimates of the first nontrivial Neumann eigenvalue for Laplacian is a significant problem in the modern analysis of PDE.
In the present work we suggest the lower estimates the Neumann eigenvalues in spaces domains via derivatives of weak 2-quasiconformal mappings. Using the geometric theory of composition operators on Sobolev spaces (i.e. the theory of mappings of bounded p-distortion) we prove the following result for a general class of domains:
Theorem A. Suppose that there exists a weak 2-quasiconformal homeomorphism
Then the spectrum of Neumann-Laplace operator in Ω is discrete, can be written in the form of a non-decreasing sequence
and 1
Here K 2 (Ω) is the coefficient of a weak 2-quasiconformality of the homeomorphism ϕ : Ω → Ω and J(x, ϕ) is the determinant of the Jacobi matrix of ϕ at x.
Recall that a homeomorphism ϕ :
, has finite distortion and the quantity (that we call the coefficient of weak p-quasiconformality)
This Theorem A is not strong enough for Hölder type singularities. The corresponding strong version (Theorem C) will be formulated and proved later. Here we demonstrate a corollary of Theorem C for comparatively simple case. Denote by H 1 the standard n-dimensional simplex, n ≥ 3,
Then the spectrum of the Neumann-Laplace operator in the domain H g is discrete, can be written in the form of a non-decreasing sequence
and for any r > 2 the following inequality holds:
where (2n)/(γr) < a ≤ (n − 2)/(γ − 2) and B r,2 (H 1 ) is the best constant in the (r, 2)-Sobolev-Poincaré inequality in the domain H 1 .
Theorem B will be proved in Section 4. Note, that space quasiconformal mappings with the additional assumption of local Lipschitz condition on the inverse mapping:
are weak p-quasiconformal mappings for all 1 ≤ p ≤ n. It follows from simple calculations:
Another example of weak p-quasiconformal mappings are bi-Lipschitz homeomorphisms. Recall that a homeomorphism ϕ : Ω → Ω ′ is called a bi-Lipschitz homeomorphism if there exists a constant 0 < K < ∞ such that
Remark that a homeomorphism ϕ :
and only if ϕ is a bi-Lipschitz homeomorphism [31] .
Let us give a simple illustration of Theorem A. Consider the ellipse E ⊂ R 2 :
The linear mapping
Hence by the Theorem A
where j ′ 1,1 is the first positive zero of the derivative of the Bessel function J 1 . This estimate is better then the classical estimate for convex domains [35] 
In our recent works we studied composition operators on Sobolev spaces defined in planar domains and induced by conformal mappings [18] , i.e. conformal composition operators on Sobolev spaces. It permitted us to prove existence of weighted Sobolev embeddings [19, 20] with universal conformal weights for simply connected planar domains. Another application of the conformal composition operators to spectral stability problems for so-called conformal regular domains can be found in [9] . Hence its formal Jacobi matrix Dϕ(x) and its determinant (Jacobian) J(x, ϕ) are well defined at almost all points x ∈ Ω. The norm |Dϕ(x)| of the matrix Dϕ(x) is the norm of the corresponding linear operator. We will use the same notation for this matrix and the corresponding linear operator.
Sobolev-Poincaré inequalities for functions of L
A mapping ϕ : Ω → R n possesses the Luzin N -property if an image of any set of measure zero has measure zero. Any Lipschitz mapping possesses the Luzin N -property.
The following theorem about composition operator on Lebesgue spaces is well known (see, for example [47] ): Theorem 3.1. Let a homeomorphism ϕ : Ω → Ω between two domains Ω and Ω be weakly differentiable. Then the composition operator
, is bounded, if and only if ϕ possesses the Luzin N -property and
The norm of the composition operator (ϕ −1 ) * is equal to M r,s (Ω).
Composition Operators on Sobolev Spaces.
Let Ω and Ω be domains in R n . We say that a homeomorphism ϕ : Ω → Ω induces a bounded composition operator
is defined quasi-everywhere in Ω and there exists a constant
Let ϕ : Ω → Ω be weakly differentiable in Ω. The mapping ϕ is the mapping of finite distortion if |Dϕ(x)| = 0 for almost all x ∈ Z = {x ∈ Ω : J(x, ϕ) = 0}.
Theorem 3.2. [15]
A homeomorphism ϕ : Ω → Ω between two domains Ω and Ω induces a bounded composition operator
, has finite distortion and
holds.
We start from the case when weak p-quasiconformal mappings have a bounded Jacobian (|J(x, ϕ)| ≤ c < ∞ for almost all x). Examples of such homeomorphisms are bi-Lipschitz homeomorphisms and Lipschitz weak p-quasiconformal mappings.
Theorem 3.4. Let a bounded domain Ω ⊂ R n be a (r, p)-Sobolev-Poncaré domain, 1 < p ≤ r < ∞, and there exists a weak p-quasiconformal mapping ϕ : Ω → Ω of a domain Ω onto a bounded domain Ω such that
Then in the domain Ω the (r, p)-Sobolev-Poincaré inequality
holds and
Here B r,p (Ω) is the best constant in the (r, p)-Sobolev-Poincaré inequality in the domain Ω.
. By the conditions of the theorem there exists a weak pquasiconformal homeomorphism ϕ : Ω → Ω. Hence, the composition operator
Using the change of variable formula we obtain:
Because the domain Ω is a (r, p)-Sobolev-Poincaré domain we have
Corollary 3.5. Under conditions of Theorem 3.4 the embedding operator
It follows immediately by the generalized version of Rellich-Kondrachov compactness theorem (see, for example, [34] or [25] ) and the (r, p)-Sobolev-Poincaré inequality for r > p.
Hence, the standard corollary of Theorem 3.4 is a conclusion about a discrete spectral structure and a lower estimate of the first non-trivial eigenvalue µ 1 ( Ω) of the spectral Neumann problem for the Laplace operator in Ω (via the first nontrivial eigenvalue µ 1 (Ω)):
Theorem A. Suppose that there exists a weak 2-quasiconformal mapping ϕ : Ω → Ω, of a bounded Lipschitz domain Ω ⊂ R n onto Ω, such that
.
Proof.
Because Ω is a bounded Lipschitz domain the embedding operator
is compact. Hence the spectrum of Neumann-Laplace operator in Ω is discrete and can be written in the form of a non-decreasing sequence
2 is the best constant B 2,2 ( Ω) we have finally by Theorem 3.4
Boundedness of a Jacobian of a weak p-quasiconformal mapping is a sufficient but restrictive assumption. In this case ϕ is a Lipschitz mapping and as result an image of a Lipschitz domain can not be a domain with external singularities. We shall use weak p-quasiconformal mappings with an integrable Jacobian that represent a more flexible class of mappings, which allows us map Lipschitz domains onto cusp domains.
In the study of spectral stability of Dirichlet-Laplacian in planar simply connected domains we introduced a notion of conformal regular domains [9] for which Jacobian J(x, ϕ) of a conformal mapping ϕ : D → Ω of the unit disc D ⊂ R n onto Ω is integrable in some degree α > 1. We used this class of domains for the spectral estimates of the first nontrivial Neumann eigenvalues for Laplacian [22] .
In the space case we suppose (by an analogy with the plane case) that Jacobians J(x, ϕ) of weak p-quasiconformal mapping ϕ : Ω → Ω of a (r, p)-Sobolev-Poncaré domain Ω onto Ω are integrable in some degree α > 1. Under this regularity condition on Ω the following statement is correct: 
. Here B r,p (Ω) is the best constant in the (r, p)-Sobolev-Poincaré inequality in the domain Ω.
. By the conditions of the theorem there exists a p-quasiconformal homeomorphism ϕ : Ω → Ω. By Theorem 3.2 the composition operator
Using the change of variable formula and the Hölder inequality we obtain:
Because the domain Ω is a (r, p)-Sobolev-Poincaré domain the following inequality holds:
Combining two previous inequalities we have
Corollary 3.7. Under conditions of Theorem 3.6 the embedding operator
We are ready to establish the main lower estimate: Theorem C. Let a domain Ω ⊂ R n be a (r, 2)-Sobolev-Poncaré domain, r > 2, and there exists a weak 2-quasiconformal homeomorphism ϕ : Ω → Ω of a domain Ω onto a bounded domain Ω such that
< ∞ for some r > 2. Then the spectrum of Neumann-Laplace operator in Ω is discrete, can be written in the form of a non-decreasing sequence
where B r,2 (Ω) is the best constant in the (r, p)-Sobolev-Poincaré inequality for the domain Ω.
The proof is the same as for Theorem A. We only need to refer Corollary 3.7 instead of Corollary 3.5 and Theorem 3.6 instead of Theorem 3.4.
3.4. Simple Examples. We give two simple examples of weak 2-quasiconformal mappings and its applications to lower estimates of the first non-trivial Neumann eigenvalue of the Laplace operator based on Theorem A.
Consider the linear invertible map ϕ l :
The first example demonstrate that Theorem A is exact for rectangles.
Example 3.8. Let Ω = Q = (0, 1) × (0, 1) be the unit square, then ϕ l (Q) = P = (0, a) × (0, b). Then by Theorem A
This estimate coincides with the known exact value of µ 1 . The second example is an ellipse. Our estimate is better than classical one as we explained in Introduction.
Example 3.9. Let Ω = D be the unit disc, then
Then by Theorem A
IN next section Theorem C will be applied to domains with anisotropic Hölder singularities.
Spectral estimates in domains with Hölder singularities
Using the classical technique [13] we obtained in [22] the following estimate of the Poincaré constants for bounded convex domains :
Let us remarks that images of convex Lipschitz domains under weak p-quasiconformal mappings are not necessary convex and Lipschitz.
One of possible examples is a class of domains H g with anisotropic Hölder singularities that will be defined below.
As a basic convex Lipschitz domain we choose the standard n-dimensional simplex H 1 . By elementary calculations diam H 1 = 1 and |H 1 | = 1/n. Lemma 4.1 leads to the following estimate of the Sobolev-Poincaré constant for H 1 :
Define domains H g with anisotropic Hölder singularities (introduced in [14] ):
Here g i (τ ) = τ γi , γ i ≥ 1, 0 ≤ τ ≤ 1 are Hölder functions and for the function
It is evident that γ ≥ n. In the case g 1 = g 2 = · · · = g n−1 we will say that domain H g is a domain with σ-Hölder singularity,
is a map from the Lipschitz convex domain H 1 onto the "cusp"' domain H g . By simple calculations
Because 0 < x n < 1 and x 1 /x n < 1 we have the following estimate
We used a short notation A a (γ) for the square root in the right hand side. Then
Therefore, in the case a > 1 the mapping ϕ a : H 1 → H g is a weak p-quasiconformal mapping for any p ≥ (aγ − n)/(a − 1) and
We proved the following Lemma 4.2. Let 1 < p < n. The homeomorphism ϕ a :
We are ready to prove as a consequence of Theorem C:
.., γ n−1 ) . Then the spectrum of the Neumann-Laplace operator in the domain H g is discrete, can be written in the form of a non-decreasing sequence and for any r > 2 the following inequality holds:
Remark 4.3. By the estimate 4.1
Proof. The homeomorphism ϕ a :
maps the convex Lipschitz domain H 1 onto the cusp domain H g and by Lemma 4.2 it is a weak 2-quasiconformal homeomorphism. Let us check conditions of Theorem C. Because ϕ is a weak 2-quasiconformal mapping its p-dilatation K 2 is bounded. The basic domain H 1 is an (r, 2)-SobolevPoincaré domain, i.e. B r,2 (H 1 ) < ∞. We only need to estimate the constant M r,2 (H 1 ).
Here a corresponding calculations:
The conditions of Theorem C is fulfilled. Therefore, the spectrum of NeumannLaplace operator in H g is discrete, can be written in the form of a non-decreasing sequence and
where (2n)/(γr) < a ≤ (n − 2)/(γ − 2).
Lower estimates for the first non-trivial eigenvalue of the p-Laplace operator
In this section we consider the nonlinear Neumann eigenvalue problem for the p-Laplace operator (p > 1):
This formulation of the eigenvalue problem is correct for Lipschitz domains.
Because we are working with more general class of domains we shall use a corresponding weak formulation that coincides with the classical one for Lipschitz domains.
The weak statement of this spectral problem is as follows: a function u solves the previous problem iff u ∈ W 1,p (Ω) and
for all v ∈ W 1,p (Ω). The first nontrivial Neumann eigenvalue µ 1,p can be characterized as
p is the best constant B p,p (Ω) (see, for example, [8] ) in the following Poincaré inequality
The Theorem 3.4 immediately implies the following lower estimate for µ 1,p (Ω):
In the case of a corresponding integrability of Jacobian J(x, ϕ in a corresponding degree we have by Theorem 3.6: for some r > p. Then
As an example, consider the linear mapping ϕ l : Ω → Ω of space domains Ω, Ω:
Example 5.3. Let Ω = Q n = (0, 1) × ... × (0, 1) be the unit cube, then ϕ l (Q) = P = (0, a 1 ) × ... × (0, a n ) is a parallelepiped. By Theorem 5.1 the following estimate
is correct.
To the best of our knowledge the exact value of µ 1,p (Q) is unknown. This example gives a rate of changing of the eigenvalue. The same remark is correct for our second example also.
Example 5.4. Let Ω = B n be the unit ball, then
is an ellipsoid. By the Theorem 5.1 the following estimate
Remark 5.5. In the case of the first non-trivial Neumann eigenvalue for the Laplacian we have
where p n/2 denotes the first positive zero of the function (t 1−n/2 J n/2 (t)) ′ .
Appendix: On weak p-quasiconformal mappings
In the first part of this section section we collect basic facts about weak pquasiconformal mappings from our previous works. This class of mappings arises as a natural generalization of quasiconformal mappings. For n-dimensional domains and p = n this class coincides with quasiconformal mappings.
In the second part is devoted on the case p = n − 1. We are focused on this case, because in 3-dimensional case this class was used for spectral problems of Neumann-Laplace operators. Results of this subsections are new but based on our previous works.
Unfortunately basic properties of weak 2-quasiconformal homeomorphisms in dimension more then 3 are much less known and represent open problems.
Generalized quasiconformal mappings. Let Ω ⊂ R
n be an open set and ϕ is a weak p-quasiconformal homeomorphism. Because ϕ ∈ W 1 1,loc the formal Jacobi matrix Dϕ(x) = ∂ϕi ∂xj (x) , i, j = 1, . . . , n, and its determinant (Jacobian) J(x, ϕ) = det Dϕ(x) are well defined at almost all points x ∈ Ω. The norm |Dϕ(x)| of the matrix Dϕ(x) is the norm of the corresponding linear operator Dϕ(x) : R n → R n defined by the matrix Dϕ(x). For a mapping ϕ :
(Ω) has a finite distortion if the dilatation function K p is well defined at almost all points x ∈ Ω, i. e. Dϕ(x) = 0 for almost all points x that belongs to set Z = {x ∈ Ω : J(x, ϕ) = 0}.
Necessity of studying of Sobolev mappings with finite distortion arises in problems of the non-linear elasticity theory [4, 5] . In these works J. M. Ball introduced classes of mappings, defined on bounded domains Ω ∈ R n :
in Ω}, p, q > n, where adj Dϕ is the formal adjoint matrix to the Jacobi matrix Dϕ:
By definition a weak p-quasiconformal homeomorphism homeomorphism ϕ : Ω → Ω has finite distortion and the local p-dilatation
We need the notion of the p-capacity for a further description of the weak pquasiconformal mappings. Let a domain Ω ⊂ R n and F 0 , F 1 be two disjoint compact subset of Ω. We call the triple E = (F 0 , F 1 ; Ω) a condenser.
The value
where the infimum is taken over all non negative functions v ∈ C(Ω) ∩ L 1 p (Ω), such that v = 0 in a neighborhood of the set F 0 , and v ≥ 1 in a neighborhood of the set F 1 , is called the p-capacity of the condenser E = (F 0 , F 1 ; Ω).
For finite values of p-capacity 0 < cap(F 0 , F 1 ; Ω) < +∞ and 1 < p < ∞ there exists a unique function u 0 (an extremal function) such that:
An extremal function is continuous in Ω, monotone in the domain Ω \ (F 0 ∪ F 1 ), equal to zero on F 0 and is equal to one on F 1 [26, 44] . Extremal functions are dense in Sobolev spaces. Denote by E p (Ω) the set of extremal functions for the p-capacity of all pairs of connected compact sets F 0 , F 1 ⊂ Ω with nonempty interior whose boundary points are regular with respect to the open set Ω \ (F 0 ∪ F 1 ).
There exists a countable collection of functions v k ∈ E p (Ω), k = 1, 2, ..., such that, for every function u ∈ L 1 p (Ω) and every ε > 0, u can be represented as a linear combination u = c 0 +
The following p-capacitary description of composition operators on Sobolev spaces is correct:
This theorem yields that mappings, which generates bounded composition operators on Sobolev spaces, preserve sets of capacity zero. On this base we deal only with quasi-continuous representations of Sobolev functions. 
Co-quasiconformal mappings. In the spectral theory for the Laplace operator the significant role play weak p-quasiconformal mappings for p = n − 1.
Remark 6.4. Note, that in the space R 3 weak 2-quasiconformal mappings can be characterized in terms of co-distortion:
On this way it is natural to call weak (n − 1)-quasiconformal mappings as coquasiconformal mappings because these mappings are characterized in terms of "length" and "co-length" (area, if n=3). Similar notions were studied in [40] .
The class of space co-quasiconformal mappings is a natural analogue of planar quasiconformal mappings from the point of view of possible applications to PDE. Let us discuss the case p = n−1 in more details. For this case we have the following "duality": Theorem 6.5. Let ϕ : Ω → Ω be a weak p-quasiconformal homeomorphism, p = n − 1. Then the inverse mapping ϕ −1 induces by the composition rule (ϕ −1 ) * (g) = g • ϕ −1 a bounded composition operator
Proof. Let f ∈ L 1 ∞ ( Ω). Then the composition f • ϕ is weakly differentiable in Ω. Since ϕ is the mapping of finite distortion, Dϕ(x) = 0 for a. e. x ∈ Ω where J(x, ϕ) = 0. Hence we may define adj Dϕ(x) = 0 at such points. Then [17] |J(x, ϕ)||∇f |(ϕ(x)) ≤ |∇(f • ϕ)|(x) adj Dϕ(x) for almost all x ∈ Ω.
Because pre-image of a set measure zero has measure zero [47] , we obtain f | L 
. is induced by a subareal homeomorphism. Therefore homeomorphisms which are inverse to weak (n − 1)-quasiconformal homeomorphisms are subareal mappings.
Recall, that a homeomorphism ϕ : Ω → Ω is called subareal [34] if there exists a constant K < ∞ such that following inequality holds for any locally Lipschitz (n − 1)-dimensional manifold V ⊂ Ω: S(ϕ(V )) ≤ KS(V ). Using Marcinkiewicz interpolation theorem [39] and Corollary 6.8 we obtain Note, that another approach to the theory of mappings of finite distortion is based on the notion of modules ( see, for example, [24, 32, 38]) 
